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APPLICATION OF THE PERTURBATION METHOD TO THE THEORY
OF TORSION OF ELASTO-PLASTIC BARS

G.I. BYKOVTSEV and Iu.D. TSVETKOV

A general approach to solving the problem of finding an elasto-plastic boundary dur-
ing twisting the elasto-plastic bars is considered. It is assumed that the bound-
ary of transverse cross section of the bar 1is a smooth curve. The defining
relations are derived using the assumption that the angle is small and that the
conditions of coupling at the elasto-plastic boundary hold. A method of small para-
meter is used. The perturbation method has been used before to solve a number of
elasto-plastic problems in which the whole contour of the body was surrounded by a
plastic zone; they can be found in the monograph /1/. 1If the plastic flow begins at
some point of the contour, then the method requires a certain specifiedmodification,
which is given below for the case of torsion of elasto-plastic bars. Approximate
solutions were constructed in /2,3/ for elasto-plastic bars of polygonal cross sec-
tion, using the function of complex variable methods.

1. consider the torsion of a rectilinear cylindrical bar made of perfect elasto-plastic
material, with transverse cross section D and boundary [, . We assume that an elastic solution
for the bar in question is known. Let T = {Tg} (@ = 1, 2) denote the tangential stress appear-
ing in the cylinder during torsion and y = {yo} be the total deformation composed of the
elastic ¥* and plastic y" component

VYo = V&’ + pa” (1.1)

In the case of elastic torsion of a bar the deformation tensor components are connected with
the displacement by the relation

Yo = Y50 (9,0 + &pazp) (1.2)

Here ® denotes the twist, ¢ (23, Z3) is the St. Venant stress function, & is the antisym-
metric unit tensor and &z is the coordinate of the point at which the deformation is deter-
mined. When plastic regions appear in the bar, the total deformation components in these re-
lations will have the form

Yo = fra + 0egazp (1.3)

where f(zy, %2, ®) is the function characterizing the deplanation of the transverse cross sec-
tion of the bar. The following equation of equilibrium will hold in the elastic and plastic
zone of the bar:

Taq = 0 (1.4)
The stresses and elastic deformations are connected by the Hooke's Law

Te = 2UYa’ (1.5)
At the bar boundary L the following boundary condition must hold:

Talte = 0 (1.6)

where n, are components of the unit vector normal to the contour [, of the transverse cross
section. The stresses appearing in the plastic region of the bar satisfy the condition of
plasticity

Ta‘ta——:kz (1.7)

and we have the associated flow rule
'Yoc. = Mo, (1.8)
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where a dot denotes the derivative of the total deformation components with respect to .
The condition of conjugation of solutions must hold at the boundary [S separating the elastic
and plastic region

[Ta] = [‘Ya] =0 (1.9

2. Conditions (1.4) and (1.7) must hold in the plastic zone, i.e. the problem is stat-
ically determinable and its solution has the form /4/

Ta = kSa, So = {—sin 6, cos 6} (2.1)

where s, are the compoents of the unit vector tangent to the contour L, and 6 is the angle
of inclination of rectilinear stress field characteristics to the #;-axis. In the present
case it coincides with the angle of inclination of the unit normal 7 = €aSa of the contour L
to the z;-axis.

Using the relation of the associated law of flow (1.8) and the expression (2.l), we can
write the following expression for the warping function of the transverse cross section of the
bar in the plastic region:

f = zasar +C (2.2)

where I, is the coordinate of the point at which f (o, z;, z,) is determined, r is the distance
along the normal to L, from the point on the boundary Lg to the point in question, and C is
a constant with the value specific along each characteristic for a given o.

Integrating (2.2) we can obtain the warping of the transverse cross section of the bar
under torsion f (w, z,, #;) in the plastic region, provided that the boundary Lg of the elastic
region is known. The solution obtained must satisfy the following inequality in the plastic
region:

Vo'la > 0 (2.3)

Let the bar under torsion be in the elastic state at ® <{®o, and let there exist at

® = 0y at least one point of the bar boundary L at which the plastic state will be realized,
i.e. no elastic solution not exceeding the yield point will exist for > @y~ We shall assume
that when © = o, a stress will appear at the point 4 (Fig.l) of the contour, the components
of which will satisfy the relation (1.7). Let us choose the Cartesian z,0z, coordinate system
in such a manner, that the 2-axis passes through this point in the direction perpendicular
to the tangent to L at A. We denote by z:®(6,) the coordinates of the point of intersection of
the elasto-plastic boundary Ls at ® > @, with the bar contour. Taking into account the rela-
tions (1.2), (1.5), (1.9) and conditions (2.1l), we can write the following relation at the
boundary Lg :

po (Pa + epap) = ksa (2.4)
The equation of the elasto-plastic boundary Lg can be written in the form
Zo (8) = 2,0 (8) — r (O)na (2.5)

where 2, (0) denote the coordinates of the points on the boundary L of the bar transverse cross
section and r(0) is the magnitude of the segment along the normal
to L originating at L. Substituting into (2.4) relation (2.5)

and the expansion of ¢ into a Taylor series along the normal to
n L, we obtain
Y (— )" ) .
po Y1 A= g ot - ega — eganpr}], =ksa (2.6)
z, m=0
where ¢, denotes the m-th derivative along the normal to
L L, of the first derivative of @ with respect to Zg .

Multiplying the left- and right-hand side of (2.6) by ng
Fig.l and summing the result over the repeated index @, we obtain
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{Z (“‘m’;’ rre ™ eﬁ.,nng”} {L-_— 0 (2.7
m=0

Multiplying the equation (2.6} by s; and repeating the above procedure, we arrive at the fol-
lowing expression:

W”{ E ( "m@fnﬂ)n'i‘gsasaxg})“r}}ll:k {2.8)
Thus we have obtained two conditions, (2.7) and (2.8), at the boundary, for solving the Laplace
equation
Ap =10 (2.9)

and determining the unknown function r{8) defining the boundary Lg is the problem of torsion
of an elasto~plastic bar.

Let the solution sought be dependent on some parameter §. We shall seek the solution in
the form of a power series in terms of this parameter

$(8,0) = Ecplﬁ = o + 8¢ (2.10)

where ¢, is the 8t, Venant stress function correspondlng to the twist wg. We write the equa-
tions of the elasto-plastic boundary [g in the form

S (s ot 2.11
o (8, 0) = 25 12)61 = -'L'Sf) — Ofng, F== z riadt ( )
i=0 =0
Let further
m:igaﬂ)iﬁizmo——{—ﬁ:) (2.12}

Substituting the expansions (2,10}— (2.12) into (2.7}, {2.8) and (2.9) we obtain, respectively,

{2 (— i) mpmgl (m+1) +Z 5’“‘”)‘ @(mz)}lL=0 (2.13)
B0 + 80) {Z L= e gy - SR +swax§”—6rﬂ (2.14)
Ai—OL:O,i,Z,... {2.15}

Let us now assume that the quantity &, = #/2 — 6, (Fig.l) is small and of order §, This im-
plies that s and n; are also of order 8. Consider the following expression:

F(8) = {poo (9o, s + 2:0nq) — &} |1, (2.16)

Expanding the function F (0) into a Taylor series along the arc of the contour L in the neigh-~
borhood of A4, we have

o0

1 s
FO=Y P50 lsms, (S — Sa" (2.17)
m=0
F(9) ls=s, = {pwe(@o,s + 2aOna) — k}|s—s, = 0
The tangential stress at the contour L assumes its maximum value at the point 4, i.e.
F.5(9) [s=s, = poo (Do, 5 + 2aOng), glss, = 0 (2.18)
and we can therefore write (2.17) in the form

FO=Y 7P slssy(S—Sa" (2.19)

m=2

Let R be a finite parameter such that
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S —8S4=Rt=R(n/2—0)

Then we can write (2.19) in the form

o0

1 m m m
FO=Y 7 FF slses, R™ (02— 0)

m=2

But & =n/2 —6 when 8 18,, #/2] is a quantity of order §, therefore the function F(8) is of
order §2. Equating in (2.13) the terms accompanying the first power of 6§, we obtain

{‘Pl,n — TP, nn} |L =0 (2.20)

Using (1.3)— (1.5) which hold for the elastic and plastic regions, we can write @y ax=0 and
the condition (2.18) should hold at the point A4:

Hoo(Po, s + 2aOna), sls=5, = @0, s8ls=5, = 0

Repeating the arguments used above we conclude, that @u,, on the arc §48 a quantity is of
order &, and hence ¢;, =0. Since r  is a function of the angle 8, we obtain r; = @, = @, = 0,
i,e. the expansion (2.10), (2.1ll) into series in small parameter of the solutions sought be-~
gin with the second powexr of §, namely

PO =00(0)+ 3 ¢:(8,0)8 =g+ 6% (2.21)
24, (8,0) = 2 (8) — D) 1, (8, 8) nadt =20 — 8%n,
=2

We can assume without loss of generality that
0 = 0,1+ 8 (2.22)

and thus define the small parameter 8 which remain undefined up to now. With (2.21) and
(2.22) taken into account, the relations (2.13)— (2.15) become, respectively,

{Z (= 52’""" ("'*1) n + Z (= 62(m+1)""(p(m+l)}| =0 (2.23)

pon (1 + 8) {2 A gm0 + spasaal? — o) |, = (2.24)

m=0

Ag, =0 i=0,1,2 ... (2.25)

3. We consider, as an example, the problem of determining the boundary Ly for the case
when a rectilinear bar of elliptical cross section is subjected to elasto-plastic torsion.
The equation of the contour L in the =0z plane will be

z¥a,® + zy3/a? = (3.1)

When ® = o, , a stress appears at two points of the contour L the components of which satisfy
the equation (1.7). The coordinates of these points are (0,a;) and (0, —ay). The §St. Venant
function @, (s;,2,) and the greatest tangential stress on L are given, respectively, by

@0 (31, 22) = ——:i—;—::—zz,x (3.2)
Tlmafo=—2PwoW=—k (3.3)

Equating in (2.23) the terms accompanying the second power of §, we obtain
Ge,n (8, 0)j, =0 (3.4)
The solution of the Laplace equation (2.25) with the boundary condition (3.4) will be

@ (6, 0) = const (3.5)

Equating in (2.24) the terms accompanying the second power of § and taking into account (3.3)
and (3.5), we obtain
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2 { afa, a2 sin § 4 alz{® cos B a;*z;‘»sinﬂ-{-ag’zg“)cose 2,2 — a2
5 L=y — PR - 2 — i o (cost—si = 3
{ &2 ( @ agt s e - ) 2 a? ot +1:(8,9) (1 o+ a? (05?8 — sin® 8})} ‘L 0 (3-6)
xﬁo) = ———L——‘“__i____m..ﬂ_ﬂ—— B z® a5t sing (3.7)
VaZcos?0 | ag sin? O 2 V2 cos®0 - a2 sin? 0

Here s, (6) andz®(0) are the contour coordinates of the cross section of bar L. Substituting (3.7)
into (3.6) and taking into account the assumptions made before about the components of the unit
vectors 8 and nr;, we obtain

ay%a, ay% {@;2 —ay?) cost@ 2042 0
awiFaF T a(aftad) 68 P eftef
and this yields
a2 — a2 costf (3.8}

r2 (8, 8) = @y — —5—

The elasto-plastic boundary in the present problem is symmetrical about the coordinate
axes, therefore we shall study its behavior, in what follows, only in the first guadrant of
z0z,, It is clear that at some value of the angle 6§ = 042 the boundaries L and Lg will have
a common point, i.e.

2g (8, 0, — z (0, = ¢
and this yields

22,y n 2ot
8% = arccos (6 Vmalﬁ.—.ag ) =g ~_a12:022 30 (89 (3.9)

Equating in (2.23) the terms accompanying the third power of §, we obtain

Py, nn
‘pa.'n — T )

=0
or, taking intc account the assumptions made before,
(g — 20" cos3 @ g {a® —a?} | cos 8 3.10
Ta,n L =5 B T D) $in® —gg— — 2 =g s sind —p ( )

We know /5/ that the problem of torsion can be assumed solved if a function mapping a
singly connected region D onto a circle is found. In the present case the relation mapping D
onto the circle {{|1 is

m

imntin=0@=R L+F), {=p®

The boundary condition (3,10) can now be written as

Pyl = (3B/8 —DI2)(a +8) + B (6 + /8, aalay n—a,l (3.11)
Pyp = (D/2 — 3B/8)(0 + 8 — B (¢* + 39/8, @ = [n + a,, 2n — a,]
1o (a— o) 1 g (ay? — af)
B mipaiten P=T eitear =

and from /5/ we know that if
Fy = @3 + iy (3.12)

where P35 is a harmonic conjugate of ¢y, then
1 @3'951,

E3 6L
=

LRy = ds {3.13)

Substituting into (3.13) the boundary condition (3.11), we obtain

(5.+§)(5-+C)}~ (3.14)

I 1 4 (G* - Q (Et — L)
(o) 50— o 50)
€ = 3B/8 —pi2, L*= B/8

gu:ﬁ{c (§+-%~>+L°(§’+-gr) In
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From (3.12) we see that the following relations must hold at the boundary of the circle |{]= 1
1 J—
""é" {GFS' (6, ) -+ oFy (.5, 5)} = @3,p “):1 (3 .15)
i [
3 {oFy (8, 6) — oF5" (8, 9)} = D3, ig:[

Using (3.14) we can write the second condition of (3.15) as
28 2
Psafpm1=""7" (c&)sﬂa 00S Gy — 7 3053“4

or, using the Cartesian coordinate system, as

(a? — a2y (cos* 8c0s8® g co8®
‘Ps,s IL = stay (12 4 ) & e T & ) (3.16)
Eguating now in ({2.24) the terms accompanying 8, we obtain
{Q’s‘s —rg (1 + ‘Pgsn)} fL = 0
or, taking account of the assumptions made above,
2a,?
‘3’3.sg‘;;m‘e"'s(5re) (3.17

Substituting (3.17) into (3.16) we find (5. 9)

3 _gm2 [ 2 c0s*8  cos?@eos P
ool (22 o)

2na,lay 3 (3 - [

When 0=6,9, the boundaries L and Lg will have a common point, i.e.

8y (8, 8, + 6%, (6, 8,%) = 0
and this yields

Vs XrRErE TPy R
8 = arccos {5 ‘l/ 2458 [1 +-—§—~ bw] X [1 + éw] } = 12 — (8C; + 8%Cy + 83C,) + O (8%)

T/
I g b ‘
0.8 C, = _._2.‘.'.’1_) 4 C, = e o c _]/"2%3 3 (& a2 4 dnda,t
. \ T L Kaﬁ-—-u,‘-’* vOYAT T 3na Y T {2na (a3 ~ ag3)"?
Z ""‘"s\
o — \
24 N Fig.2 depicts the distribution of the
G4 78 12 /e, boundary Lg for the following values of the
Fig.2 critical angle of inclusion 9, of the contour
by the plastic region and the parameter §:
J T -
0 ,,{,;g}/m 1) 8,9 1032 and 6=03%
a9z /i e 2) 9, =0875 and §==0.5;
S 3} 8,W =074 and §=08.
o1 = *\1 *
’ V ! Fig.3 shows the dependence of [wl/t and
[tlk on 6 for the following values of ¢,®
-a7 and §:
-az \ 1) 89 =07 and §=0.¢;
~u3 2) 8, =578 and §=05.
LR
P —A-L ° Here 1, Tuhy, T3~ Ty9y ¢ While n, and s
’ 7 are the components of the unit vectors normal
7 ™ and tangent to the contour L. The values of
2 \ %, were obtained using the relations (1.5)
- o .
) S . /et . NS and (3.14).
0294 46 08
-7 L i i

£33

£/
Fig.3
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